Chapter Three - Measures





We have encountered measures in our earlier work; they occur, it seems, almost as often as numbers. So far we have used just the units of length - mention has been made of the metre, in particular, its close relatives (kilometre, centimetre etc.) and its more distant cousins (the inch and the mile), but a closer look is justified.





To try to tell someone on the other side of the planet just how long is a piece of a string, we need an international unit. The metre is one of these, and, to cater for a variety of lengths, it is divided into a thousand parts to form the millimetre and multiplied a thousand times for the kilometre. There are many ‘multiples’ of the metre, but we will not be needing any more, save for the centimetre (a hundredth of a metre) - a measure that is very useful because it can easily be related to familiar lengths (the width of a finger, say). 





The inch is also related to the anatomy - it is the twelfth part of a foot. These are of course imperial (rather than metric) units that have the disadvantage that one can not simply be converted to the other by multiplying (or dividing) by a power of ten. The yard is three feet (here we depart from the anatomy!) the chain is twenty-two yards and the mile is exactly eighty chains (1760 yards). 





The suspicion is that, despite the widespread adoption of the metric system of measures, the old imperial units will be with us for some time; conversion, then, from one to the other will often be required:





One of these:�
Is about:�
�
An inch�
25 millimetres�
�
A foot�
30 centimetres�
�
A yard�
9/10ths of a metre�
�
A mile�
1.6 kilometres�
�






Fine, but what if we want to know, for example, how many miles are equivalent to five kilometres? We must not multiply, because we get 5 x 1.6 = 8 and there can’t be 8 miles in 5 kilometres, because a mile is longer! We need to divide; 5 ( 1.6  = 3.125 - so the answer is just over three miles.





Many would consider it best always to have some idea as to which is the larger unit - a sensible answer suggests that the correct conversion factor has been used and that we have chosen correctly between dividing and multiplying.





Alternatively, we can use a ‘complementary’ conversion table:





One of these:�
Is about:�
�
A millimetre�
0.04 inches�
�
A centimetre�
0.4 inches�
�
A metre�
1.1 yards�
�
A kilometre�
0.6 miles�
�



As we’re discussing the idea of length, it’s worth nipping into two dimensions for a while. A rectangle can be described by stating a length for its longer side and a length for its shorter side (usually called the width!), but the rectangle’s size can also be judged by its area. This is found simply by multiplying the length by the width - a quick way of counting the small squares that can be fitted inside:


� EMBED PBrush  ���Of course 20 is just the length, 5, multiplied by the width, 4. We have an answer, in this case, of 20 square units. Whatever units we choose, we have the equivalent for area; centimetres give rise to square centimetres (sq cm or cm2), metres produce square metres (sq m or m2), yards make square yards (sq yds) and so on.





Interestingly, there is more than one rectangle with an area of 20 cm2. We could use a length of 10 cm and a width of 2 cm - or even 20 cm for the length and just 1 cm for the width - the area remains the same at 20 cm. Notice that our figures for length and width are factors of twenty.





If the area happens to be a square number, 36 say, we can of course represent the area by a rather special kind of rectangle, our friend the square - in this case, a 6 x 6 square.


There will, additionally, be other rectangles with an area of 36: 4 x 9, 3 x 12, 2 x 18 and 1 x 36 - but the perimeter of  these rectangles will be different:





Rectangle �
Area (length x width)�
Perimeter�
�
�
�
�
�
1 x 36�
36�
1+1+36+36 = 74�
�
2 x 18�
36�
2+2+18+18 = 40�
�
3 x 12�
36�
3+3+12+12 = 30�
�
4 x 9�
36�
4+4+9+9 = 26�
�
6 x 6�
36�
6+6+6+6 = 24�
�



So to put these results in terms that ‘Farmer Giles’ would appreciate - if he wishes to enclose his sheep in a rectangular pen, using as little fencing as possible, he should choose a square pen.





Putting these matters in a slightly different way, if Farmer Giles had exactly 24 metres of fencing to play with, he’s better off with a square:





Rectangle�
Area (length x width)�
Perimeter�
�
�
�
�
�
1 x 11�
11�
24�
�
2 x 10�
20�
24�
�
3 x 9�
27�
24�
�
4 x 8�
32�
24�
�
5 x 7�
35�
24�
�
6 x 6�
36�
24�
�



To practise our algebra, we ought to check these numbers for length, width and perimeter by a formula. The value for perimeter, we have said, must be constant at twenty-four. So the distance around the outside must come to twenty-four. This means that the width plus the length plus the width plus the length total twenty-four:





width + length + width + length = twenty four





or	w + l + w + l = 24





or	2w + 2l = 24





or	w + l = 12	(after dividing by two)





So the width plus the length must equal twelve, and, if we are dealing solely with whole numbers, we get the results in our table.





But we have another job for Farmer Giles, this time with his collie. We’ve been dealing with just rectangular shapes for the farmer’s pen; could we get yet more land inside our twenty-four metres of fencing if we used a circle?





If we ask Farmer Giles to stay put and instruct his collie to walk around on a taut lead, we’ll have a circle. We could mark the dog’s progress with fence-posts and soon have a sheep pen - but how do we know the correct length of lead?





Well, the lead is the radius of a circle which has a perimeter, or circumference, of twenty-four metres (of fencing). If we call the diameter of our circle, D, and recall that not only is the diameter twice the radius but also that the circumference is PI times the diameter, we get:





C = PI * D





( 24 ( 3.14 * D





( D ( 24 / 3.14





( D ( 7.64





So the required length of lead is half of this - about 3.8 metres.





Fine, but how do we know that our circular pen is any bigger than when it was a square? A formula for the area of a circle is required!





A circle can be cut up and formed into a rough rectangle:


� EMBED PBrush  ���Now the height of our ‘rectangle’ is the radius, R, of our circle and the length of our ‘rectangle’ is half the circumference of the circle (PI * D) / 2 or just PI * R.





The area of our ‘rectangle’ will therefore be length times width, or PI * R * R. 





Now were we to slice our circle into smaller and smaller sectors, our ‘rectangle’ would be become indistinguishable from the real thing. We can then say that the area of a circle is PI * R * R or:





A = ( R2





Using this renowned result, we can find the amount of land inside our circular field. The radius, remember is 3.8 metres (the length of lead) so we have:





A = ( R2





( A ( 3.14 * 3.8 * 3.8





( A ( 45 m2





Compare this with the 36 m2 that Giles got with his square!





There are more measures than simply those of length. Most of us are familiar with the idea of weight but that depends on which planet, or satellite, you happen to be standing. It’s much better to use mass and its measures.

















One ton is familiar to most of us - it’s two thousand two hundred and forty pounds or twenty sacks of coal at one hundred-weight (112 pounds) to the bag. Given that there are fourteen pounds (or lbs) to one stone, that makes eight stones to one sack - so some of these curious numbers are quite reasonable! To be more accurate, we’re using a long ton here and an occasions you might find a short ton which is a ‘simpler’ two thousand pounds.





The metric ton, or tonne, is ‘ not far off ’ a long ton but is exactly equivalent to one thousand  kilograms. A kilogram, in turn, is exactly one thousand grams which, according to many, makes these metric measures a lot easier to handle. We can again display a list of conversion factors in a table:





One of these�
Is about�
�
�
�
�
One tonne�
0.98 tons�
�
One kilogram�
2.2 pounds�
�
One kilogram�
35 ounces�
�
One ounce�
28 grams�
�






The idea of capacity is similar to that of volume, that we’ve used already - it is the maximum amount, of liquid, say, that can be contained by some ‘vessel’. The simple observation that centimetres are used for length and square centimetres are used for area might suggest that cubic centimetres are used for volume and capacity - and so they are. The smallest unit that we are concerned with is the cubic millimetre (mm3) and this can be visualised as one of our familiar cubes, though rather small - just one millimetre in length, width and height. The cubic metre is a much bigger concept; each edge will be one metre long - and that, remember, is the same as one thousand millimetres. So the cubic metre contains 1000 x 1000 x 1000 = 109 cubic millimetres!





We won’t be needing, here, the cubic kilometre (km3), which contains 109 m3, but we must discuss the cubic centimetre in a little more detail. This falls, perhaps irritatingly for the purist, between 1 mm3 and 1 m3; like the centimetre itself, though, it is found to be an extremely useful unit. The capacity of internal combustion engines has long been quoted in either “c.c.” (that’s cubic centimetres) or in  multiples of a thousand c.c., litres. So we must immediately conclude that one millilitre, that’s one thousandth of a litre, is just the same as one cubic centimetre! 





Those with a really tidy mind might like the ‘cubic decimetre’ - that’s one-tenth of a metre, cubed; the same as 10 cm by 10 cm by 10 cm, 1000 cm3 or 1 litre!





Enough of litres, at least for the moment; talk of its imperial relative, the pint, is more refreshing. One litre is approximately one and three-quarter pints, or, less accurately, a pint is just over half a litre. These are very common ‘equivalents’ as are the conversions from litres to imperial gallons (eight pints); one gallon is about four and half litres, whilst one litre is over one-fifth of a gallon. In tabular form, we have:











One of these�
Is about�
�
�
�
�
A cubic inch�
16 cubic centimetres�
�
A cubic yard�
3/4 cubic metre�
�
A pint�
1/2 litre�
�
A quart (two pints)�
1litre�
�
A gallon�
4.5 litres�
�



The classical conversion, in terms of measures, is probably that from Celsius to Fahrenheit; we are, of course, referring to temperature and its measurement. This provides an opportunity to draw a graph, if only to see how the two measures are related:


� EMBED MSGraph.Chart.5 \s ���So we can read off a ‘Fahrenheit conversion’ from the graph - 0 0 C (that’s nought degrees Celsius) is about 30 0 F (exactly 32 degrees Fahrenheit) and 100 0 C is about 200 0 F (exactly 212 degrees Fahrenheit). There is nothing to prevent us ‘going the other way’ - 100 0 F is about 40 0 C.





Exact conversions can always be achieved by one of two formulas:





F = (9/5)*C + 32 and C = (5/9) * (F-32)





Checking these: 





Using, or substituting, 100 for the C in the first formula we get:





		F = (9/5)*100 + 32 


		F = 9*20  + 32      (after dividing the 100 by 5)


(	F = 180 + 32


(	F = 212	      (as we should expect)     





Substituting 32 for F in the second formula, we get:





		C = (5/9) * (32-32) = 0





We can derive one formula from the other as another useful check - and practise our algebra:


         F = (9/5)*C + 32


(     F - 32 = (9/5)*C		(after taking 32 from both sides) 


(    (F - 32)*5 = 9*C		(after multiplying both sides by 5)


(    (F - 32)*5/9 = C			(after dividing both sides by 9)


or     C = (F - 32)*5/9 		(changing sides)


or     C = (5/9)*(F - 32) 		(re-arranging)








Some would argue that there is no more important a measure than that of time. We can divide the year into months, the months into weeks, and the weeks into days - but these units have to be treated with a little care; some months, and indeed years, are longer than others, for example. The days of the week are all of twenty-four hour duration, but there is no ‘intermediate’ value between Monday and Tuesday - they are called discrete measures.





The minute, on the other hand, can be split up as often as you like; whilst we conveniently name one-sixtieth of a minute as one second, we could refer to one-tenth or one-hundredth of a minute and do often use hundredths of a second. These are so-called continuous measures.





In the practical world, hours and minutes are sometimes avoided as they are not ‘metricated’; there are sixty minutes in an hour, not ten or a hundred. So the speed of light is usually quoted in terms of metres covered each second (a pacy 300 million), but our speed rarely exceeds the speed of sound (say 600 miles every hour) or even four miles an hour ( vigorous walking!).





So units are chosen for a variety of reasons; tradition might win over convenience or commerce - but notice that a subtly different type of measure has slipped into our discourse. It was a mixture of units of length and units of time - speed requires compound measures. Conversion of these more complicated units will need, predictably, a little more care:





60 miles every hour   (   60 miles per hour


(   60 * 1.6  kilometres per hour


(   96 kilometres per hour





So 60 mph is about 100 kph





Also     60 miles every hour	(   96 kilometres per hour


(   96 000 metres per hour


(   96 000 / 60 metres per minute


(   1600 / 60 metres per second


(   26.7 metres per second





So 60 mph is about 30 mps








As another example of a compound measure, we can mix units of mass with units of capacity and obtain a measure of density. Rocks at the surface of the earth are likely to have a density of about three; that is three grams for every cubic centimetre, or three times the ‘weight’ of water. As the density of the earth as a whole is about 5.5 g / cm3, there must be some pretty dense rocks towards the centre!





Let us check this figure for the density of the earth. Accepting that the earth is approximately spherical, we need to find a figure for its mass and then divide by a figure for its volume. Given that the earth’s mass is 5.98 x 1027 grams and its radius is about 6380 kilometres (6.38 x 108 cm), we only need the formula for the volume of a sphere:





V = (4/3) * PI * R * R * R		(or V=(4/3)(r3)





(	V = 1.33 x 3.14 x 6.38 x 108 x 6.38 x 108 x 6.38 x 108





(	V = 1.08 x 1027 cm3





So, dividing the mass by the volume, we have a figure for the density of the earth:





	D = 5.98 x 1027 / 1.08 x 1027 = 5.54 g / cm3





Whilst we’re still on the planet, we can practise our sums, measures and the use of formulas by trying to find the earth’s surface area. We’ll need to call on another expression which includes a 4, ( and at least one r. The important point here, though, is that the power to which r is raised is just two. Any formula for volume will have its length dimension raised to the power three but a formula for area will have its length dimension raised to the power two:





For a sphere,			A = 4(r2





So for the earth,		A = 4 * 3.14 * 6380 * 6380





			(	A ( 5 x 108 km2





Or the surface area of the earth is about 500 million square kilometres.





We shall finish with a few common formulas that deal with area and volume. Given that the area of a rectangle is just the length (or base) times the width (or height), as we’ve already found, then it is easy to see that a triangle, being just half a rectangle, will have an area of one-half the base times the height:


� EMBED PBrush  ���





The parallelogram can be seen as a distorted rectangle; its area is given by the same formula:


� EMBED PBrush  ���The trapezium can be considered as two ‘halves’ of two different rectangles, each with the same height but one with base ‘a’ and the other with base ‘b’:


� EMBED PBrush  ���


Common formulas in three dimensions involve the cuboid, which we’ve met already, 


� EMBED PBrush  ���the prism,


� EMBED PBrush  ���and the cylinder:
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