Chapter Four - Algebra





What number, between one and ten, leaves four when added to five, six is taken away and the result multiplied by two?





If you are good at mental arithmetic, the answer may be obvious. It is more likely that you will start with a number and give it a go. But there are techniques that don’t use ‘trial and error’. Let us set out the problem in a different way - using symbols:








((x+5)-6)*2 = 4








Plus and minus we’ve met before, the asterisk is a modern substitute for a ‘times’ sign and the ‘equals’ sign means that whatever we do on the left, it has to make four. The brackets are there to ensure the right order; they keep matters tidy! The x is traditional - it stands for our missing number.





We are saying that we need to add five first, then take six away and finally multiply the result by two. Actually, here it doesn’t matter if we take off six first and then add five, if you don’t mind negative numbers - exactly when we multiply by two does matter.





So we have our first equation, which we need to solve. We have to end up with:





 x = something.





First divide both sides by two - we must keep our equation balanced:





((x+5)-6)*2/2 = 4/2


(remember / is a modern form of divide)





This is the same as:                        ((x+5)-6)*1 = 2





or:                                                       (x+5)-6 = 2


(we now don’t need those extra brackets)





Now add six to both sides:





     (x+5)-6+6 = 2+6





or 				                (x+5) = 8


(since -6 +6 is nothing)





or 					       x+5 = 8


(we now don’t need brackets at all)





Now take five from both sides:





x+5-5 = 8-5


(+5-5 is again nothing)


or 					      x = 8-5





or 					      x = 3





We have our solution - you could check with our original problem to see that it works!





There is a traditional game for two that can be used to illustrate the power of algebra:





			Player A				Player B 





		“Think of a number between 		“Thank you, I have”


		  one and ten”





		“Multiply it by four”			“OK”





		“Take three off the result”		“Next”





		“Add five”				“Right”





		“Divide by two”			“Yes”





		“What have you got”			“Thirteen”





		“You started with six”			“Well done”





Using a similar method to the first part of this chapter, we can label the number Player B thought of as x and have:





((x*4)-3+5)/2 = 13			(/ is divide!)


or (x*4)-3+5) = 26			(multiplying both sides by 2)


or (x*4)+2 = 26			(-3+5 = 2)


or (x*4) = 24				(taking off two)


or x = 6				(after dividing by 4)








But A can make matters much simpler and cope with any number that B chooses, by giving B’s final number a letter, say y.





We now have:





((x*4)-3+5)/2 = y


or (x*4)-3+5) = 2*y			(multiplying both sides by 2)


or (x*4)+2 = 2*y			(-3+5 = 2)


or x*4=(2*y)-2		(brackets necessary so that we multiply


					  	  by two first)





or x = ((2*y)-2)/4








Checking this for B’s final number of thirteen, we have:





x = ((2*13)-2)/4 


or x = (26-2)/4


or x = 24/4


or = 6 , as before.





Mathematicians often leave out a ‘times’ sign (this avoids potential confusion between x and the traditional multiplication sign!). So we write:





x = ((2y)-2)/4





We can now leave out a set of brackets (remembering that multiplication is done first):





x = (2y-2)/4





We can also divide the top and the bottom of our equation by two:





x = (y-1)/2





This, you’ll agree, is much simpler! Checking to see if it still works:





x = (13-1)/2


or x = 12/2


or x = 6





The game can be played several times with B choosing any starting number, reporting his final number to A who then takes off one and divides by two before announcing B’s choice!





The above is a demonstration of the techniques of algebra; the bones of our simple game can be revealed in other ways. For instance, writing all the possible choices (x) and outcomes (y) we have:








x�
2�
3�
4�
5�
6�
7�
8�
9�
�
y�
5�
7�
9�
11�
13�
15�
17�
19�
�






For all pairs of x and y we still have x = (y-1)/2 and we can write down an expression of the outcomes (y) given a choice (x). It is ‘double x and add one’ or y = (2*x)+1. Dropping the times sign and the brackets we have:





y = 2x+1





Plotting our points as a graph (as in chapter 2) we have, putting x on the horizontal axis and y on the vertical axis (as is usual):
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This time, we have started the numbering of both axes at zero. Notice that our straight line, labelled y = 2x+1, rises 2 units in the vertical direction for every unit in the horizontal direction (called the gradient) and crosses the y-axis at y = 1 (called the intercept). The expression y = 2x+1, shown here graphically as a straight line, is an example of a linear relationship. 





Returning to our example at the start of this chapter, we can replace the final number, 4, by y and get:





((x+5)-6)*2 = y


or (x-1)*2 = y


or 2x-2 = y


or y = 2x-2





With a range of starting numbers, x, from 2 to 9 inclusive, we obtained:





x�
2�
3�
4�
5�
6�
7�
8�
9�
�
y�
2�
4�
6�
8�
10�
12�
14�
16�
�



Plotting these points (or using x and y as co-ordinates) we have:
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Notice that the gradient, for y = 2x-2, is still 2 and the intercept, as we would expect, is y=-2.





Mathematics, you’ll be relieved to know, is not simply about straight lines. We have met negative numbers, and squares, so we can write this table of values:





x�
-5�
-4�
-3�
-2�
-1�
0�
1�
2�
3�
4�
5�
�
y�
25�
16�
9�
4�
1�
0�
1�
4�
9�
16�
25�
�






Using the y-axis for the values of x2, we get the graph of y = x2:
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Remembering that x3 = x*x*x and (-5)3 = -5*-5*-5 = -125, we can construct a table of values for y = x3:





x�
-5�
-4�
-3�
-2�
-1�
0�
1�
2�
3�
4�
5�
�
y�
-125�
-64�
-27�
-8�
-1�
0�
1�
8�
27�
64�
125�
�



Similarly, for y=-x3:





x�
-5�
-4�
-3�
-2�
-1�
0�
1�
2�
3�
4�
5�
�
y�
125�
64�
27�
8�
1�
0�
-1�
-8�
-27�
-64�
-125�
�






Plotting the two graphs on the same grid we have:
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Much earlier, we met a useful sequence involving dividing by ten:





1000   100   10  1  1/10   1/100   1/1000   … …





Exploring the idea of dividing 1 by some other numbers we have:





1/10   1/5   1/2   1/1   1/-1   1/-2   1/-5   1/-10   is the same as:





0.1     0.2   0.5     1     -1     -0.5   -0.2   -0.1     and can be put in a table of values like this:





x�
10�
5�
2�
1�
-1�
-2�
-5�
-10�
�
1/x�
1/10�
1/5�
1/2�
1/1�
1/-1�
1/-2�
1/-5�
1/-10�
�






or, writing y = 1/x, using decimals and reversing the order, like this:





x�
-10�
-5�
-2�
-1�
1�
2�
5�
10�
�
y�
-0.1�
-0.2�
-0.5�
-1�
1�
0.5�
0.2�
0.1�
�



�
�
�
�
�
�
�
�
�
�
So, plotting the values, we have the graph of y = 1/x or the reciprocal of x:
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This hyperbola has a number of features. Notice, in particular, that we cannot plot a value for x = 0 - as the positive values of x get smaller and smaller, the graph gets closer and closer to the y-axis, but does not cross it. It is asymptotic to the y-axis. As the positive values of x become large, the graph becomes asymptotic to the x-axis. Plotting more values makes the ‘behaviour’ of the graph much clearer:
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A-series paper sizes have interesting properties. Folding a sheet of A4 will produce two sheets of A5 with the same ‘shape’ - the length and width will be in the same ratio. Of course the width of the A4 has become the length of the A5 and this is true of all sizes in the paper system. Let us call the width 1 unit (1 span could be used) and the length x units. We can use algebra, and our knowledge of ratio to work out the length.
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Now we know that the ratio of length to width for A4 and A5 must be the same. The length of A4 is x, its width is 1; the length of A5 is 1 and its width is a half of x, that is,





		x is to 1 as 1 is to x/2





or		x:1         as       1:x/2





and multiplying the right-hand ratio by two, we have:





		x:1	  as        2:x





or		x/1	  =         2/x





or		x	  =         2/x





Now we can multiply both sides of this equation by x to get:





		x2	  =	   2





Now the square root of 2 is about 1.4 (since 1.4 * 1.4 is approximately 2), so the length of a sheet of A4 should be about 1.4 spans!





The Greeks set themselves a different problem. “How wide should we make the Parthenon so that the ratio of width to height is the same as our Golden Proportion?” This means that the ratio of width to height is the same as the ratio of width plus the height to the width.
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So:			   w is to h as w plus h is to w





or:			   w:h		=         (w+h):w


